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2: Laboratoire Imath
Université de Toulon
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Some equivalent elastic continua
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Upscaling methods for microstructured media (UP)

Derive predictive generalized continua from up-scaling methods?

I Tools
I Asymptotic analysis and homogenization
I Virtual/experimental testing:

I Prototyping
I Testing of non-standard properties?

I Applications
I Architectured materials / Meta-materials
I Smart materials
I Modeling of slender structures
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(Meta)-Surfaces from folded tessellations
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Resch and Christiansen (1970)

→ what are the accessible shapes?

→ what are the internal forces?



Motivations
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Free-form architecture from repetitive elements?

Most approaches are based on variations of patterns:

Lebée (2015) Dudte et al. (2016)

→ True periodicity?



Motivations
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Large deformations of a (micro)-structured surface?

Deployable structures?/Morphing shells?/Meta-materials?

Miura (1993) Filipov et al. (2015) Grey et al. (2018)

→ Equivalent elastic continuum?



Miura Ori surfaces

Contents

Miura Ori surfaces

Miura Ori continuous elasticity

H. Nassar, A. Lebée, L. Monasse Fitting surfaces with Miura ori 17/10/2019 7 / 21



Miura Ori surfaces

The flexible Miura ori
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Miura Ori surfaces

Discrete modeling of the flexible Miura Ori
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Miura Ori surfaces

From discrete to continuous surfaces
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Miura Ori surfaces

First rank (metric)

H. Nassar, A. Lebée, L. Monasse Fitting surfaces with Miura ori 17/10/2019 11 / 21

a
-2

a
-1

a
-3

Planar periodic configurations at leading order:{
M
- i+1,j

−M
- i,j

M
- i,j+1

−M
- i,j

r→0−−−→

{
∂1φ
-

= a
-1

∂2φ
-

= a
-2

Metric:

aαβ(θ) =

(
4 sin2 θ

2 0

0 4 cos2 θ∗θ
2

)

a11



Miura Ori surfaces

Second rank (curvature and...)
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Quadratic perturbations at second order:
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Miura Ori surfaces

Second rank (curvature and...)
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Miura Ori surfaces

The continuous fitting problem for the Miura ori

Find φ
-

and {θ (ξα) ,M (ξα) ,N (ξα)} such that:

aαβ(θ) =

(
4 sin2 θ 0

0 4 cos2 θ∗θ

)
and bαβ(θ) =

(
N cos2 θ M

M −N cos2 θ∗θ

)

Only if {θ,M,N} comply with Gauss-Codazzi-Mainardi equations!

Miura Ori:

⇒
∂11φ

-

cos2 θ
+

∂22φ
-

cos2 θ∗θ
= 0

-
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Miura Ori surfaces
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Miura Ori surfaces

Some closed form illustrations of Miura surfaces
Axisymmetric I
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z

Const. neg. Gauss curvature



Miura Ori surfaces

Some closed form illustrations of Miura surfaces
The pseudo sphere
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Miura Ori surfaces

Some closed form illustrations of Miura surfaces
Miura Hyperboloid

z
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Miura Ori surfaces

Some closed form illustrations of Miura surfaces
Ruled surfaces
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Helicoid
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Miura Ori continuous elasticity

From discrete to continuous elasticity

km

kf
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Strain energy density:

W continuous =
1

r2

∑
i

1

2
ki (θi − θ0

i )2

θi are functions of:

a11 k111 k112 k311 k312



Miura Ori continuous elasticity

From discrete to continuous elasticity

km

kf
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At leading order when r → 0:

I if km > 0 and kf ∼ km:

W continuous(a11)

→ Membrane continuum

I if km = 0 and kf > 0:

W continuous(k111, k112, k311, k312; a11)

→ Shell (out-of-plane) and
Strain-gradient (in-plane) continuum
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Miura Ori continuous elasticity

From discrete to continuous elasticity

km

kf
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When km > 0 and km � kf :

charac. length: l ∼ r
√

kf
km

Grey et al. (2018)



Miura Ori continuous elasticity

Conclusion
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I Miura Ori surfaces
I 2 finite deformation

continua:
I Membrane
I Shell + Strain-gradient

I FEM implementation?

I Experiments?



Miura Ori continuous elasticity
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